The thermal equilibrium state of a bipolar, isothermal quantum uid con ned to a bounded domain I R d ; d = 1; 2 or d = 3 is the minimizer of the total energy E ; E involves the squares of the scaled Planck's constant and the scaled minimal Debye length . In applications one frequently has 2 1. In these cases the zero-space-charge approximation is rigorously justi ed. As ! 0, the particle densities converge to the minimizer of a limiting quantum zero-space-charge functional exactly in those cases where the doping pro le satis es some compatibility conditions. Under natural additional assumptions on the internal energies one gets an di erential-algebraic system for the limiting ( = 0) particle densities, namely the quantum zero-space-charge model. The analysis of the subsequent limit ! 0 exhibits the importance of quantum gaps. The semiclassical zero-space-charge model is, for small , a reasonable approximation of the quantum model if and only if the quantum gap vanishes. The simultaneous limit = ! 0 is analyzed.
Introduction
Quantum hydrodynamic models (QHDs) give a fairly accurate account of the macroscopic behavior of ultra-small semiconductor devices in terms of only macroscopic quantities such as particle densities, current densities and electric elds 5]. The thermal equilibrium state of QHDs is the minimizer of the energy functional 9] E (n; p) 2 E qu (n; p) + E i (n; p) + ?2 E el (n; p) in C (n; p) 2 L 1 ( ) L 1 ( ) : n; p 0; p n; p p 2 H 1 ( ); are particle densities of negatively-charged electrons and positively-charged holes. It is assumed that the total number N of electrons and P of holes is prescribed. The internal energy E i takes into account many-particle e ects. The strictly convex functions G 1;2 are primitives of the enthalpy functions g 1;2 of the electron-and hole-gas, respectively. The energy functional E involves two dimensionless parameters, namely ; . In applications one frequently has 2] 2 1: One may expect that the smallness of 2 expresses some redundancy of the model equations. The question arises whether the thermal equilibrium solution of the QHD is close to the solution (if it exists at all) of a limiting model where is set to zero. Such models will be called "quantum zero-space-charge models" ("QZSCs"). Typical for QZSCs is the involvement of quantum mechanical terms and the replacement of Poisson's equation by the "zero-space-charge assumption" n ? p ? C = 0. Whether QZSCs are a good approximation or not depends not only on the order of magnitude of 2 but also on the ration of 2 and 2 which equals 2 2 = K h 2 sup jC j (T ) 2 ; where K is a constant, C is the unscaled doping pro le and T is an unscaled reference temperature of the charge carrier gases. Due to the orders of magnitude of C and T one has to distinguish between three cases: 1 Pressure functions are typically strictly increasing and continuously di erentiable on 0; 1). 2 It is easy to see that f ] satis es homogeneous Neumann-boundary conditions.
1.)
1, which corresponds to high temperature and moderate doping. 1 and we will be concerned with the simultaneous limit
The limits of 1.) have been analyzed in 9]. The aim of the present paper is to perform a rigorous analysis of the remaining limits. For the rst time, we will derive a quantum-zero-space charge model.
The several steps of the analysis are as follows. For ; 2]0; 1 we denote the (unique) minimizer of E in C by (n ; p ). The corresponding ground energy is E E (n ; p ) = inf C E (n; p). Theorem 1 is concerned with the case where is xed and tends to 0. One gets n ? p ? C ! 0 in an apropriate sense, i.e. the zero-spacecharge approximation is asymptotically correct for ! 0. Theorem 1 deals with the value E lim !0 E 2 0; 1]. A reasonable QZSC can only arise in cases where E is nite, because otherwise the system's ground energy tends to in nity when ! 0. It turns out that E < 1 is equivalent to the assumption that the doping pro le C is a (G 1 ; G 2 )-quantum doping pro le. If C has an abrupt junction, then C will not be a (G 1 ; G 2 )-quantum doping pro le. Hence it is not reasonable to employ abrupt junctions in quantum models which include the zero-space-charge approximation.
Theorem 3 is concerned with a closer investigation of (n ; p ) as ! 0. (n ; p ) tends to the minimizer (n ; p ) of a quantum zero-space-charge functional. The corresponding Euler-Lagrange equations constitute the QZSC. It follows from Theorem 4 that (n ; p ) is a solution of this QZSC.
Concerning the consecutive limit ! 0, a consistency problem arises. It cannot be excluded that the ground energy of the limiting semi-classical model is not the limit of quantum ground energies. Whenever such a "quantum-gap" appears, then the limiting problem is inconsistent with the quantum picture and the semi-classical model gives no justi able approximation. Theorem 5 is concerned with the case where no quantum-gap appears. Then the limit ! 0 leads to the semi-classical zero-space-charge drift-di usion equations and the limits 1.) and 2.) commute.
Theorem 6 deals with the simultaneous limit = ! 0.
The proofs of the results are deferred to the appendix. 
With this de nition we can re-formulate Theorem 2 as follows: For xed 2]0; 1 the ground energy is bounded independently of 2]0; 1 if and only if C is a (G 1 ; G 2 )-quantum doping pro le.
In the sequel most of the results will concern (G 1 ; G 2 )-quantum doping pro les. Hence it is extremely important to have criteria which allow to decide whether C is a (G 1 ; G 2 )-quantum doping pro le or not 3 . We recall that (A) implies that C 2 L 1 ( ). Lemma 3. If d = 2 and if C is a (G 1 ; G 2 )-quantum doping pro le, then for all q 2 1; 2 : C 2 W 1;q ( ). 4 . If d = 3 and if C is a (G 1 ; G 2 )-quantum doping pro le, then C 2 W 1;3=2 ( ).
Maybe the most important consequence of Lemma 2 is the fact that piecewise constant (or piecewise smooth) doping pro les with abrupt junctions are not (G 1 ; G 2 )-quantum doping pro les. This is surprising because we deduce from Theorem 2 (as well as from the subsequent discussion) that these widely used doping pro les do not allow for a physically acceptable quantum zero-space-charge model.
On the other hand, any doping pro le in H 1 ( ) (e.g., each doping pro le in C 1 ( )) is a (G 1 ; G 2 )-quantum doping pro le and a reasonable limiting ( ! 0) model is available.
In applications one usually has two types of models for C. On the one hand there are piecewise constant doping pro les with abrupt junctions. In the context of semiconductor device modeling these doping pro les are admittedly approximations of the "realistic" distribution of background charges. A close observation of the fabrication procedure shows that the available doping pro les look much more like uniformly continuous functions whose gradients are locally "large" but globally bounded, i.e. C 2 W 1;1 ( ).
Hence from an application's point of view, Lemma 2 gives a satisfactory answer to the question which doping pro le is a (G 1 ; G 2 )-quantum doping pro le and which is not.
From a mathematical point of view, Lemma 2 does not cover the question whether each (G 1 ; G 2 )-quantum doping pro le belongs to H 1 ( ) or not. While this is true in one-dimensional settings, the case d 2 is extremly complicated and far beyond the scope of this paper. However, to get an impression of the di culties in connection with this question some aspects of the case d = 2 are discussed in the "Conclusions".
On the other hand, we have the following result which shows that each (G 1 ; G 2 )-quantum doping pro le is "not far away from H 1 ( )". Let S be the unit sphere f 2 Assume that G 1;2 satis es the growth condition speci ed in i) and assume that C is not a (G 1 b) The ground energies E converge to the ground energy of the quantum zero-spacecharge energy functional as ! 0: lim !0 E = E = F (n ; p ).
The derivation of the Euler-Lagrange equations by the standard procedure of taking directional derivatives of F at (n ; p ) meets some di culties. is su cient. Again the physically relevant pressure functions of the type (Phys) are included.
3) The side constraints imposed by the set C in which F is to be minimized are rather restrictive. It is therefore a cumbersome task to construct curves : 0; 1] ! C , (0) = (n ; p ) along which the directional derivatives can be taken. A more convenient way to get the Euler-Lagrange equations of F is to pass to the limit ! 0 in the Euler-Lagrange equations of E .
Theorem 4 Assume (A), (B.1) and (B.2) . Let R S G(jf n j) K. ) There exists a subsequence (f n 0 ) n 0 2IN 0 of (f n ) n2IN and f 2 L 1 (S; ; ) such that f n 0 * f weakly in L 1 (S; ; ) as n 0 ! 1:
The proof of the subsequent compactness-by-convexity principle can essentially be found in 9]. We leave the minor extension of the proof to the more general measurespace setting to the reader. Lemma 8 Let (S; ; ) be a measure space. Let (f n ) n2IN be a sequence in L 1 (S; ; ). Let ) f n ! f strongly in L 1 (S; ; ):
With the aid of Lemma 7 and Lemma 8, we can carry out the semi-classical limit of the quantum zero-space-charge model. Theorem 5 Assume (A) and let C be a (G 1 ; G 2 )-quantum doping pro le. Furthermore, assume that inf C E i = inf D E i . Then: A1. n ! n ; p ! p strongly in L 1 ( ) 
Conclusions
In this paper an asymptotic analysis of a bipolar quantum hydrodynamic model in thermal equilibrium has been performed. The investigations apply in cases where the scaled minimal Debye length is at most of the order of magnitude of the scaled Planck's constant . With respect to Lemma 5 (one may expect that the particle densities are uniformly bounded as ! 0) it seems apropriate to try a veri cation of "C 2 H 1 ( )" rst. But then one has to prove: In this phase of the investigations some doubts may arise whether each (G 1 ; G 2 )-quantum doping pro le is in H 1 ( ) and one may think of constructing a counter example 5 . The previous investigations show that one has to nd f 1 ; f 2 2 H 1 ( ) with f 1 0, f 2 satisfying the last two conditions are well-known -but just these two conditions do not imply f 1 rf 2 = 2 L 2 ( ). Indeed, if -as above -the sets where f 1 and rf 2 are "in nite" are separated, then f 1 rf 2 2 L 2 ( ). If these singular sets intersect, then f 2 has to tend as fast to zero as f 1 tends to in nity to ensure that f 1 f 2 2 L 1 ( ). Considering the standard example f 1 = j ln j ln(r)jj, this requirement is in competition with the orders of growth of f 1 and rf 2 (the well-known examples for f 2 involve hard-to-estimate in nite series).
For (G 1 ; G 2 )-quantum doping pro les the quantum zero-space-charge model is a reasonable approximation in cases where 2 2 . If additionally 2 1 holds, then the subsequent limit ! 0 (performed in Section 3) will be of interest. It can not be excluded that a "quantum gap" appears, i.e. the limiting energy (as ! 0) is less than the energies of the approximating quantum models. A discussion of this phenomenon may be helpful 6 .
1. If (n ; p ) 2 C , then trivially inf C E i min D E i = E i (n ; p ) and no quantum gap can arise.
2. The condition of 1. applies in cases where n ; p 2 H 1 ( ) with n ; p , 2]0; 1 , because then p n 2 H 1 ( ) and p p 2 H 1 ( ) and therefore (n ; p ) 2 C .
3. It is easy to see that a quantum gap will appear if and only if for all sequences (n k ; p k ) k2IN in C we have lim inf k!1 E i (n k ; p k ) > E i (n ; p ): 5 A counter example may be easier to nd in dimension d = 3, but the problems are the same as for d = 2. 6 Notations as in Sections 2 and 3.
4. Let us consider the cases C 2 H 1 ( ) and r(t) = r 1;2 (t) = t a ; a 2 1; 1 e.g., the case when n is piecewise a ne with a vacuum set of nonzero measure).
Finally it is not possible (and this is the least transparent condition) to approximate p n and p p by non-negative functions n k and p k such that (n k ; p k ) k2IN is a sequence in C with lim k!1 kn k ? n k L a ( ) + kp k ? p k L a ( ) = 0. Indeed: an approximation of n and p by non-negative functions n k and p k , respectively, whose square-root belongs to H 1 ( ) and which converge strongly in L a ( ) to n and p , respectively, is always possible -but then it has to be expected that n k ; p k violate the additional requirements C = n k ? p k = n ? p ; 2.
Proof of Lemma 4: i) By assumption the H 1 ( )-norms of p n ; p p are bounded as ! 0. Hence the internal energy E i is due to the assumptions on G 1;2 bounded, too. By weak H 1 ( )-convergence of a subnet of ( p n ; p p ) we have due to Theorem 1 that C is the di erence of squares of H 1 ( )-functions whose internal energy is by weak convergence bounded.
The result follows from Theorem 2.
ii) Due to the maximum principle and g 1;2 = 1, the L 1 ( )-norms of p n ; p p are bounded. It is also easy to see that the right-hand sides of equations (1) are uniformly bounded in L 1 ( ). Therefore, the H 1 ( )-norms of p n ; p p are uniformly bounded.
The result now follows similar as in i), since the internal energy is due to the uniform We deduce from Theorem 1 that n ?p ?C = 0. Due to the assumptions on G 1;2 we get by weak lower semi-continuity E i (n ; p ) < 1. Hence C is a (G 1 ; G 2 )-quantum doping pro le.
Proof of Lemma 6:
Certainly, for all > 0: inf C E i E i (n ; p ) F (n ; p ; ) = E ; hence lim inf !0 E inf C E i . On the other hand, for all (n; p) 2 C : E = F (n ; p ) F (n; p) = 2 E qu (n; p) + E i (n; p); and therefore lim sup !0 E inf C E i .
2.
Proof of of Lemma 7: Due to 10] it is su cient to prove: There exists a subsequence (f n 0 ) n 0 2IN 0 of (f n ) n2IN such that i) There exists a K 1 
Combining equations (5), (6) we conclude that ( R B f n 0 ) n 0 2IN 0 is actually a Cauchy sequence in IR.
Proof of Theorem 5:
Let ( k ) k2IN be a sequence in ]0; 1 with lim k!1 k = 0. To simplify notations let n k = n k ; p k = p k . To prove A1. it is su cient to show that there exists a subsequence ( k 0 ) k 0 2IN 0 such that n k 0 ! n ; p k 0 ! p strongly in L 1 ( ) as k 0 ! 1:
